Geometric relationships for homogenization in single-phase binary alloy systems by Unnam, J. et al.
NASA 
- TP 
C .  1 
: ' 1349 ' 
I 
NASA Technical Paper 1349 
Jalaiah Unnarn,  Darrel R. Tenney, 
and Bland A. Stein 
NOVEMBER 1978 
'0 
LOAN COPY: RETUF 
KIRTLaND AF5, 'N 
PtF'NL 'I'EGHNICAL LJ 6 
Geometric Relationships for 
Homogenization in Single-phase 
Binary Alloy Systems 
1 
I 
https://ntrs.nasa.gov/search.jsp?R=19790004966 2020-03-22T00:58:29+00:00Z
TECH LIBRARY KAFB, NM 
NASA Technical Paper 1349 
Geometric Relationships for 
Homogenization in Single-phase 
Binary Alloy Systems 
Jalaiah Unnam 
The George  WashiMgton University 
Joint Institate for Advancement o f  Flight Sciences 
Langley  Resemch Center 
Hampton,  Virginia 
Darrel R. Tenney and Bland A. Stein 
Langley Research  Center 
Hampton,  Virginia 
National  Aeronautics 
and  Space  Administration 
Scientific  and  Technical 
Information  Office 
1978 

SUMMARY 
A semiempir ical  re la t ionship is  presented which descr ibes  the  ex ten t  of  
in te rac t ion  be tween cons t i tuents  in  s ing le-phase  b inary  a l loy  sys tems having  
p l a n a r ,  c y l i n d r i c a l ,  or sphe r i ca l  i n t e r f aces .  Th i s  r e l a t ionsh ip  makes possi-  
b l e  a quick estimate of  the extent  of  interact ion without  lengthy numerical  
ca l cu la t ions .  It includes t w o  parameters which are func t ions  of mean concen- 
t r a t i o n  and interface geometry.  Experimental  data for the copper-nickel sys- 
t e m  are inc luded  to  demons t r a t e  t he  use fu lness  o f  t h i s  r e l a t ionsh ip .  
INTRODUCTION 
In  the  ana lys i s  o f  d i f fus ion  con t ro l l ed  p rocesses  ( e .g . ,  t he  d i f fus ion  o f  
p l ana r  p ro tec t ive  coa t ings  in to  subs t r a t e  ma te r i a l s ,  t he  f i l amen t -ma t r ix  in t e r -  
action in metal  matrix composites,  or the homogenization of powder compacts), 
t h e  a b i l i t y  t o  p r e d i c t  t h e  d e g r e e  o f  i n t e r a c t i o n  between d i f f e r e n t  components, 
given some exposure  conditions,  is  needed.  In  the  past,  the  approach  has  been 
t o  so lve  the  d i f fus ion  equat ion  wi th  the  appropr ia te  in i t ia l  and boundary con- 
d i t i o n s  ( r e f s .  1 and 2 ) .  The so lu t ion  to  the  d i f fus ion  equa t ion  is  usua l ly  
obtained by numerical methods such as f i n i t e - d i f f e r e n c e  o r  i n f i n i t e - s e r i e s  
so lu t ions  excep t  i n  l imi t ed  cases  where a n a l y t i c a l  s o l u t i o n s  e x i s t .  However, 
the numerical  methods involve extensive calculations,  and a sepa ra t e  s e t  o f  
ca l cu la t ions  i s  required for each composition and i n t e r f a c i a l  geometry of the 
mater ia l  system being considered. 
The purpose of  this  paper  i s  to  provide  a s ingle  semiempir ical  re la t ion-  
ship which desc r ibes  the  ex ten t  o f  i n t e rac t ion  between the const i tuents  in  
Single-phase binary al loy systems having planar ,  cyl indrical ,  or  spherical  
i n t e r f aces .  Th i s  r e l a t ionsh ip  makes poss ib l e  a quick est imate  of  the extent  
of  interact ion without  lengthy numerical  calculat ions.  It  inc ludes  t w o  
parameters which are funct ions of  mean concentration and interface geometry.  
Experimental  data for the copper-nickel system are included t o  demonstrate 
t h e  u s e f u l n e s s  o f  t h i s  r e l a t i o n s h i p .  
ANALYSIS 
Figure 1 shows the nomenclature and schematic of the geometric models €or 
p lanar ,   cy l indr ica l ,   and   spher ica l   in te r faces .  The average  concentration H 
of element B in  the  or ig ina l  B-r ich  reg ion  i s  a measure of the degree of homog- 
en iza t ion  a t  any time t. For t h e   p l a n a r ,   c y l i n d r i c a l ,  and sphe r i ca l  geome- 
t r i e s   (deno ted  by the   subsc r ip t s  p, c,   and s, r e spec t ive ly ) ,  H is given  by 
RB 
HP RB = CB d r  
Hc = - s,” cB2r d r  
RB 
RB 
Hs = f CB3r2 d r  
RB 
where CB i s  the  volume fract ion  of   e lement  B a t  d i s t ance  r ,  RB i s  the  
thickness   or   radius   of   the   B-r ich  region,  and RT i s  the  to t a l  t h i ckness  o r  
rad ius   o f   the  sample. (See  f ig .  1.) The degree  of  homogenization  can  also  be 
expressed as t h e  r a t i o  o f  t h e  amount of  mater ia l  t ransfer red  across  the  bound- 
a r y  a t  time t t o   t h e  amount o f   m a t e r i a l   a t  t = ~0 ( r e f .  2 ) .  The r e l a t ion -  
sh ip   be tween   t h i s   r a t io  F and H is  given by 
where CB i s  the  average volume fraction  of  element B i n   t h e  specimen. The 
value  of F var ies   f rom  zero t o  unity  whereas H v a r i e s  from u n i t y   t o  CB. 
- 
- 
I f  t he  d i f fus ion  coe f f i c i en t  D i s  assumed t o  be  independent  of  concen- 
tration, the equation governing homogenization in single-phase binary alloy 
systems i s  given by 
where m i s  0, 1, and 2 f o r   p l a n a r ,   c y l i n d r i c a l ,  and  spherical   geometries,  
respec t ive ly .  The i n i t i a l  and boundary condi t ions to  be sat isf ied are  
CB = 1 < <  ( 0  = r = RB; t = 0) 
CB = 0 
Solu t ions  to  equat ions  ( 5 )  and (6)  were determined for each geometry for - 
di f fe ren t   va lues   o f  CB by using a f in i te -d i f fe rence   t echnique   ( re f .  3 ) .  
Values  of H were p l o t t e d  as a funct ion  of  T for  each  geometry  and eB, 
where T is  a dimensionless  parameter  and i s  equal t o  the normalized diffusion 
time Dt/RB2. Severa l   d i f fe ren t   equa t ions  were f i t t e d  e m p i r i c a l l y  t o  t h e  
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. I  
For the  spec ia l  case  of planar geometry with CB -+ 0, a simple closed- 
- 
; form so lu t ion   ex is t s   fo , r   equa t ions  (5) and (6) .  In   t h i s   ca se ,   t he   concen t r a -  
t i o n  of component B ( r e f .  4 )  i s  given by 
o r  
where e r f  and e r f c  are the   e r ro r   func t ion  and the  error   funct ion  compli-  
ment, respec t ive ly .  The equat ion   in  terms o f   e r f c  is  i n  a convenient  form 
for  the subsequent  integrat ion required in  developing an express ion  for  
which is  the homogenization parameter given by equation (1). By making use of 
t h e  r e l a t i o n  
HP 
SW e r f c  (Q) dn = - e - r e r f c  (r)  1 - r 2  Tr 
equation (1) reduces   to  
For t h i s  c a s e ,  t h e  e m p i r i c a l  r e s u l t s  were  compared with those from the  ana ly t i -  
ca l  so lu t ions  (eq .  ( 9 )  ) as wel l  as  with those from the  f in i t e -d i f f e rence  
solut ions.  
RESULTS AND DISCUSSION 
The following empirical  equation gave results which were i n  good agreement 
with those obtained from the f ini te-difference analysis :  
3 
Parameters p and q were evaluated  for  each  geometry  and  value  of CB t h a t  
were considered. 
- 
Typical  resul ts  for  planar  geometry with CB = 0.25 are shown i n  f ig -  
u r e s  2 and  3,  where  the  curves of H as a funct ion  of  T which  were  determined 
from equation (10) are Compared with those from the  f in i t e -d i f f e rence  ana lys i s .  
Curves are shown f o r   d i f f e r e n t   v a l u e s   o f  q ( f i g .  2 )  and p ( f i g .  3) t o   d e t e r -  
mine t h e   s e n s i t i v i t y   o f  H t o   t h e s e  parameters. A s  can  be  seen, p = 1.15 
and q = 0.65  gave resul ts  n e a r l y  i d e n t i c a l  t o  t h o s e  from the  f in i t e -d i f f e rence  
ana lys i s .  S imi la r  ca lcu la t ions  were c a r r i e d  o u t  f o r  c y l i n d r i c a l  a n d  s p h e r i c a l  
geometries, and i n  a l l  cases  equat ion (10) s a t i s f a c t o r i l y  d e s c r i b e d  t h e  f i n i t e -  
d i f f e rence  se su l t s .  
- 
Table I shows the  p and q va lues   for   a l l   geometr ies   cons idered .  The 
quant i ty  AH i s  the  absolute  difference  between a f in i te -d i f fe rence   va lue  
and the corresponding value computed with equation (10). A s  can  be  seen  from 
t a b l e  I, the   va lues   fo r  ha, and AHav (where the   subsc r ip t s  max and  av 
denote maximum and average, respectively) are less than or equal  to  0.033 and 
0.012, respectively,  with the exception of planar geometry with CB = 0.01, 
f o r  which the  va lues  are as high as 0.070  and  0.025, respec t ive ly .  The ana- 
l y t i ca l  so lu t ion  ( eq .  ( 9 ) )  could  be  used i f  greater  accuracy were des i red .  
- 
Figure 4 shows a p l o t   o f  p and q a s  a funct ion of CB for   each  of   the 
three  geometries.  Parameter p increases   wi th   increas ing  CB. A l s o ,  f o r  a 
given  concentration,  the  values  of p for   cyl indrical   and  spherical   geometr ies  
are, respec t ive ly ,  about  2 and 3 t imes as grea t  as  tha t  for  the  p lanar  geometry .  
However, parameter q has a maximum for  each  geometry. The values  of CB a t  
the  maxima are approximately 0.5, 0.3, and 0.22 f o r  p l a n a r ,  c y l i n d r i c a l ,  and 
spherical   geometries,   respectively.   For  planar  geometry,   the  curve  of q as 
a function  of C g  is  symmetrical  about CB = 0.5.  This  value  of Cg corre-  
sponds t o  d i f f u s i o n  c o n d i t i o n s  where the thicknesses  of  the A and B regions 
are  equal  (% = ~ R B ) .  The asymmetry i n  t h e  c y l i n d r i c a l  and spherical  curves  
i s  due to  the complexi t ies  of  the interface geometry.  
- 
- 
- 
- - - 
Carpenter,  Tenney,  and Houska ( r e f .  5) have e l ec t rop la t ed  8 Vm of  nickel  
onto one face of a (111) oriented copper  s ingle-crystal  disk,  annealed the 
specimen a t  1173 K f o r  3/4, 2 ,  and 5 hr ,  measured diffracted X-ray i n t e n s i t y  
af ter  each anneal ,  and determined concentrat ion prof i les  from the  X-ray da ta  
by an absorption technique. Because the plating thickness (RB = 8 Vm) i s  
negl ig ib le  when compared wi th  the  to ta l  th ickness  RT, the degree of homogeni- 
z a t i o n  i n  t h i s  specimen  can  be  calculated by using  the  values   of  p and q 
tha t   cor respond  to  CB = 0 ( i .e . ,  p = 0.55  and q = 0.50) . The s o l i d   l i n e  
i n   f i g u r e  5 denotes   the  var ia t ion  of  H with T which was generated by using 
these  p and q va lues   in   equa t ion  (10) .  For this   planar   geometry,   the  
empirical  curve i s  in  reasonable  agreement  with the f ini te-difference and exact  
so lu t ions  as  w e l l  as with the experimental  data  points .  The diffusion coef-  
f i c i e n t  D was taken as 0.2 x m 2 / s ,  which  corresponds  to  the  nickel-rich 
concentrat ion  range  ( ref .  6 ) .  A s l ight ly   lower  value  of  D would be more 
appropriate  because 0.2 x m 2 / s  cor responds   to   po lycrys ta l l ine   n icke l  
whereas  the present  specimen consis ted of  nickel  epi taxial ly  deposi ted on 
- 
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single-crystal  copper.  Renormalizing T with  the lower D value would move 
the experimental  points  toward lower T values,  making the  agreement   bet ter .  
Heckel ( r e f .  2 )  prepared compacted mixtures of elemental copper and nickel 
powders with different average compositions,  annealed them i n  t h e  1223 t o  1323 K 
temperature  range for  var ious lengths  of  time, and analyzed them for  the  degree  
of  homogenization F. H i s  homogenization  results F f o r  a sample  with 
CB = 0.11 were converted t o  H by using  equation ( 4 ) .  The r e s u l t s   a r e  shown 
i n  f i g u r e  6 and can be compared with the finite-difference and equation (10) 
r e s u l t s  i€ a spherical  geometry i s  assumed. The values  of p (3.8)  and 
q (0.66)  used in   equat ion   (10)  were obtained from f igu re  4 f o r  CB = 0.11. 
A s  can be seen, the present empirical so lu t ion  i s  in  exce l len t  agreement  wi th  
the  f in i te -d i f fe rence  so lu t ion  and  i s  in reasonable agreement with the experi-  
mental homogenization data on powder compacts. 
- 
- 
Figure 7 shows the predicted homogenization values for specimens with 
cylindrical   geometry  and CB = 0.01, 0.50, and  0.75. No exper imenta l   da ta   for  
long  d i f fus ion  t i m e  could  be  found in  the  l i t e ra ture  for  the  cy l indr ica l  geom- 
e t r y  case although it would be of importance i n  t h e  a n a l y s i s  o f  i n t e r a c t i o n  i n  
fiber-reinforced  composites.   (Herring  and Tenney ( r e f .  7) have  investigated 
d i f fus ion  between N i  f i laments and a Cu matrix.  However, t he  ex ten t  o f  i n t e r -  
a c t i o n  i n  t h e i r  s t u d i e s  i s  n o t  l a r g e  enough to  provide  a meaningful check of 
t h e   r e s u l t s  shown i n  f i g .  6.) The f in i t e -d i f f e rence   so lu t ions   fo r  CB = 0.50 
and  0.75 a re  iden t i ca l  t o  the  p re sen t  empi r i ca l  so lu t ion  and  are not  shown f o r  
T < 10-1 to  avoid  confusion. A s  can  be  seen,   the   present   empir ical   solut ion 
i s  i n  good agreement  wi th  the  f in i te -d i f fe rence  so lu t ion  for  a l l  the  va lues  
of CB considered. 
- 
- 
- 
CONCLUSIONS 
A semiempirical relationship has been developed which describes the extent 
o f  i n t e rac t ion  between const i tuents  in  s ingle-phase binary al loy systems with 
p l a n a r ,   c y l i n d r i c a l ,   o r   s p h e r i c a l   i n t e r f a c e s .  The r e l a t ionsh ip   con ta ins  t w o  
parameters which are funct ions of  mean concentration and interface geometry of 
the  couple. The empir ical   solut ion i s  simple,   easy  to  use,   does  not  involve 
sequential  calculations,  and hence makes poss ib l e  a quick est imate  of  the 
ex ten t  of interact ion without  lengthy calculat ions.  Resul ts  obtained with 
the  empi r i ca l  r e l a t ionsh ip  a re  in  good agreement  with resul ts  from a f i n i t e -  
d i f fe rence  ana lys i s  and  wi th  exper imenta l  resu l t s .  
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National Aeronautics and Space Administration 
Hampton; VA 23665 
October 4,  1978 
5 
REFERENCES 
1. Fisher,   Bertina;  and Rudman, P. S.: X-Ray Diffract ion  Study  of   Inter-  
d i f f u s i o n  i n  Cu-Ni Powder  Compacts. J. A p p l .  Phys.,  vol.  32,  no.  8, 
Aug. 1961, pp. 1604-1611. 
2. Heckel, R. W.: An Analysis  of  Homogenization i n  Powder  Compacts  Using the  
Concentric-Sphere  Diffusion Model. Trans.  American  SOC. Met., vol.  57, 
Mar.-Dec. 1964,  pp. 443-463. 
3. Tenney, Darrel R.; and Unnam, Jalaiah:  Numerical  Analyses  for  Treating 
Dif fus ion  in  S ingle- ,  Two-, and  Three-phase  Binary  Alloy  Systems. NASA 
TM-78636, 1978. 
4. Houska, C. R.; and Unnam, J.: Solut ion  to   Diffusion  Equat ion With Con- 
t inuously  Varying  Coeff ic ients  - Single  Phase.  Scr.  Metall. ,   vol.  8, 
no. 5, May 1974,  pp. 509-512. 
5. Carpenter, J. A.; Tenney, D. R.; and  Houska, C. R.: Method for  Determining 
Composition Profiles and Diffusion-Generated Substructure in S m a l l  Dif- 
fusion Zones. J. Appl.  Phys.,  vol. 42 ,  no. 11, Oct.  1971,  pp. 4305-4312. 
6. D a  Si lva,  Luiz  C. Correa;  and Mehl, Robert F.: In te r face  and  Marker Move- 
ments in   Diffusion  in   Sol id   Solut ions  of   Metals .  J. Metals, vol. 191, 
no. 2, Feb.  1951, pp. 155-173. 
7. Herring,  Harvey W.; and  Tenney,  Darrel R.: Di f fus ion  in  a Unidirect ional  
Filament  Reinforced  Metal  Composite.  Metall.  Trans.,  vol. 4 ,  no. 2, 
Feb.  1973,  pp. 437-441. 
6 
TABLE I.- RESULTS  OF CURVE FITTING FOR  DIFFERENT 
AND INTERFACIAL GEOMETRY 
Geometry 
Planar 
Planar 
Planar 
P lanar  
Planar 
Planar 
Planar 
Cy l ind r i ca l  
Cy l ind r i ca l  
Cy l ind r i ca l  
Cy l ind r i ca l  
Cy l ind r i ca l  
Cy l ind r i ca l  
Spher ica l  
Spher ica l  
Spher ica l  
Spher ica l  
Spher ica l  
CB 
- 
0.01 
.10 
.25 
.50 
.75 
-90 
.99 
. O l  
.10 
.25 
.50 
.75 
.90 
-01 
.10 
.25 
.50 
.75 
P 
0.61 
.80 
1.15 
2.25 
4.50 
8.98 
30.30 
1.62 
2.14 
3.05 
5 .os 
8.42 
14.40 
2.95 
3.74 
5.13 
8.14 
13.19 
q 
0.50 
-55 
.65 
.69 
.63 
-56 
.43 
.61  
.65 
-67 
.66 
.58 
-52 
-64 
.66 
.67 
-65 
.59 
AHmax 
0.070 
- 0 2 8  
-011 
- 0  14 
.005 
.004 
. O O l  
-03 3 . 0 1 2  
* 020 
-011 . 0 05 
.005 
. 0 13 
.017 
-020 
* 009 
.007 
AHav 
0.025 
-012 
-004 
.007 
-001 
.002 
.ooo 
.009 
.004 
.009 
.005 
. O O l  
.002 
. 00 3 
.008 
-009 
.003 
.003 
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CYLINDRICAL SPHERICAL 
J = O  
r 
1 
Figure 1.- Geometric models showing zero f l u x  boundary conditions 
(J = 0) and  average  concentration CB. 
- 
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Figure 3 . -  S e n s i t i v i t y  of H t o  changes i n  parameter p fo r   p l ana r  
geometry  with CB = 0.25 2nd q = 0.65.  
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4.- The p and q va lues  t o  be  used i n   e q u a t i o n  (10) .  
10 
0 Experimental 
- Equation (10) 
--- Exact solution (eq. (9)) 
Finite difference 
T 
Figure 6.- Experimental homogenization data for copper-nickel powder 
compact and the predicted values  if  a spherical geometry is 
assumed (CNi = 0.11) . - 
11 
Figure 7.- Predicted homogenization values for specimens with 
cylindrical geometry and different CB values. 
- 
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